The power spectral density of a random square wave is a promising tool in the qualitative study of stationary point processes. This is illustrated for renewal processes and their superpositions.
Introduction
We shall discuss, for the case of stationary renewal processes, a construction which holds much promise for the qualitative study of stationary point processes. Specifically, we examine the power spectral density of a square wave, which flipflops at each event in the renewal process. That spectral density has useful properties related to various classical operations on point processes. Explicit and easily computable formulas are now available for any finite state stationary Markov renewal process and will be discussed elsewhere. The square-wave spectral density is an analytically tractable and readily interpretable physical descriptor, which encodes global information about the fluctuations inherent in a point process. While random square waves have been used for a variety of purposes in signal processing, the square-wave spectral density is not a common tool in the study of point processes. An example of its use in studying photographic granularity may be found in Castro, Kemperman and Trabka [1] .
This paper, which deals with renewal processes and their superpositions, is the first of a continuing investigation of the practical utility of square-wave spectra. Matrix-analytic expressions for more involved cases have now been derived, but we are awaiting the completion of extensive numerical studies to validate qualitative inferences based on square-wave spectra.
Let P be a stationary renewal process on the entire real line R, with underlying probability distribution F(.) of (necessarily) finite mean g(. We shall denote by (.), the Laplace-Stieltjes transform of F(-) and, in order to avoid discussion of special issues, we assume that F (0+)= 0, and that F is not of lattice type. The time origin 0 is an arbitrary point with reference to the process. This means, in particular, that the positive renewal times S. = X, forn_>l, k--1 are the sums of independent random variables Xt,, which for k > 1, have the common distribution F (-), whereas P {X -< x = F* (x) I (g')- [1 F(u) The random square wave corresponding to the renewal process P is the stochas- 
Formula (2) This last formula may be found, for example, in Takics [4] . Formula (10), which does not have a readily discernible probabilistic interpretation, may be substituted in the remaining derivations in the proof of Theorem 1 to relate the SQSD to the first two moments of the counting variable N(t) of the renewal process.
Remark: Formula (10) shows that the SQSD, the renewal function with a renewal at time 0 (the Palm measure) and the variance of N(t) express physical information about the stationary renewal process in mathematically equivalent forms. This remains the case for general stationary processes for the second and third descriptors, but not for the SQSD. In general, the SQSD contains information about the point process that is not implicit in the Palm measure and this is the principal motivation for our enquiry into the properties of that descriptor of point processes.
Superpositions
The SQSD is an important tool in studying the approach of superpositions of independent stationary (renewal) processes to the limiting Poisson process, as assured by the Palm-Khinchin theorem. The following theorem holds for stationary point processes with single arrivals:
Theorem 3: The square wave spectral density of the superposition of a finite number N of independent stationary renewal processes is 4 t-times the convolution of the corresponding densities of the component processes.
Proof: By independence, the probability generating function P*(z,x) for the superposition is clearly given by the product e(z,z),''' ,P/(z,z) of the generating functions for the component processes. By the same considerations as led to formula (3), we get that the autocovariance function In generating numerical examples to illustrate the use of Theorem 3, we evaluated the autocovariance function R (.) for renewal processes with various underlying distributions, so as to examine the superposition under varying degrees of "burstiness" of (identical) component processes. Thereupon, we computed the autocovariance function R (a:;N) = 4N-I[R 1(')1N
for a large number of z-values and performed a Fast Fourier inversion to obtain the SQSD of the superposition of N independent, identically distributed renewal processes. In Figures 1-7 , we present graphs of the power spectral densities for several examples. In each graph the SQSD of the Poisson process of the same rate as the superposition was plotted for comparison.
In Figures 1-3 , which correspond respectively to superpositions of 10, 20 and 30 renewal processes with an underlying Erlang distribution of order 8 and mean one, we see that convergence of the power spectral densities is rapid. This suggests that "morphological" differences between a superposition of such renewal processes and a Poisson process disappear rapidly.
An entirely different behavior is suggested by Figures 4-7 , where the underlying distribution is hyper-exponential, so that the component processes are bursty. It is well-known, that such renewal processes are equivalent to "interrupted Poisson processes". The significant differences in the spectral densities for low values of f reflect the greater prevalence of longer gaps in the superposition than in a Poisson process of the same rate. For many applications, the large differences in the high frequencies are, however, of greater consequence. We believe that they reflect the effect of increased overlapping of bursts in the component processes. The 
